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Abstract A novel double-higher-order entire-domain volume integral equation (VIE) technique for
efficient analysis of electromagnetic structures with continuously inhomogeneous dielectric materials
is presented. The technique takes advantage of large curved hexahedral discretization elements—enabled by
double-higher-order modeling (higher-order modeling of both the geometry and the current)—in applications
involving highly inhomogeneous dielectric bodies. Lagrange-type modeling of an arbitrary continuous
variation of the equivalent complex permittivity of the dielectric throughout each VIE geometrical element
is implemented, in place of piecewise homogeneous approximate models of the inhomogeneous structures. The
technique combines the features of the previous double-higher-order piecewise homogeneous VIE method
and continuously inhomogeneous finite element method (FEM). This appears to be the first implementation
and demonstration of a VIE method with double-higher-order discretization elements and conformal modeling
of inhomogeneous dielectric materials embedded within elements that are also higher (arbitrary) order (with
arbitrary material-representation orders within each curved and large VIE element). The new technique is
validated and evaluated by comparisons with a continuously inhomogeneous double-higher-order FEM
technique, a piecewise homogeneous version of the double-higher-order VIE technique, and a commercial
piecewise homogeneous FEM code. The examples include two real-world applications involving continuously
inhomogeneous permittivity profiles: scattering from an egg-shaped melting hailstone and near-field analysis of
a Luneburg lens, illuminated by a corrugated horn antenna. The results show that the new technique is more
efficient and ensures considerable reductions in the number of unknowns and computational time when
compared to the three alternative approaches.

1. Introduction

Both the finite element method (FEM) [Jin, 2002; lli¢ and Notaros, 2003; lli¢ et al., 2009a; Ansari-Oghol-Beig
et al, 2012] and the volume integral equation (VIE) method of moments (MOM) [Schaubert et al., 1984;
Notaros and Popovic¢, 1998; Sertel and Volakis, 2002; Kobidze and Shanker, 2004; Botha, 2006; Hasanovic
et al, 2007; Jarvenpdd et al., 2013] for modeling and analysis of electromagnetic (EM) scattering possess
the inherent theoretical ability to directly treat continuously inhomogeneous dielectric materials. They allow
that the dielectric parameters, permittivity (¢), and conductivity (o), contained in the equivalent complex
permittivity of the dielectric, can be an arbitrary function of spatial coordinates in the FEM or VIE computational
domain, namely, &(r), with r standing for the position vector of a point in the adopted coordinate system.
Converted to a numerical space, this theoretical ability means that a FEM or VIE technique or code should be able
to actually implement &.(r) as such and enable direct computation on volumetric discretization elements that
include arbitrarily (continuously) inhomogeneous lossy dielectrics throughout individual elements. This is instead
of carrying out FEM/VIE computations on piecewise homogeneous approximate models of the inhomogeneous
structures, with &.(r) replaced by appropriate piecewise constant approximations.

In addition to its theoretical relevance and interest, FEM or VIE numerical modeling with inhomogeneous
volumetric discretization elements implementing &(r) variations has multiple practical applications in analysis of
devices, systems, and phenomena that include continuously inhomogeneous materials in antennas, propagation,
electronics, optics, bioelectromagnetics, inverse scattering, electromagnetic metamaterials, transformation
electromagnetics/optics, etc., as outlined in /li¢ et al. [2009b]. Moreover, if the direct FEM or VIE analysis of large
continuously inhomogeneous regions in the structure is efficient, then one may even take advantage of a
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“reverse” modeling procedure in some applications. Namely, one can approximate a given piecewise
homogeneous structure (e.g., a medium composed of many thin homogeneous layers) by a continuously
inhomogeneous medium (for a layered structure, generate a continuous interpolating ¢, profile through
discrete values at centers of layers), and reduce the number of unknowns and accelerate the analysis by
simulating the continuous model, in place of the actual structure.

In the FEM context, continuously inhomogeneous volume finite elements have been implemented and
demonstrated in lli¢ et al. [2009b]. It has also been discussed that modeling flexibility of continuously
inhomogeneous finite elements can be fully exploited only if they can be made electrically large, which
implies the use of higher-order field expansions within the elements. This is due to the fact that the
elements within a low-order FEM technique must be electrically very small (on the order of a tenth of
the wavelength in each dimension), and subdivision of the structure using such elements results in a
discretization of the permittivity profiles as well, so elements can be treated as homogeneous; i.e., whether
the actual g.(r) function or its constant approximation is implemented throughout an element does not
have much effect on the results. Thus, the treatment of finite elements as inhomogeneous can only be fully
exploited if implemented in higher-order FEM modeling methodology that enables large geometrical
elements (e.g., on the order of a wavelength in each dimension).

The VIE approach has equivalent capabilities for modeling of inhomogeneous dielectric materials as the FEM
but has certain advantages over it; for example, VIE methods do not require additional unknowns associated
with the termination of the computational FEM domain. In the VIE context, the possibility of using geometrical
elements with continuous change of dielectric parameters throughout their volumes has been implicitly or
explicitly stated, and/or the results of direct VIE analysis of continuously inhomogeneous dielectric structures,
without using piecewise homogeneous approximate models, have been reported by Popovi¢ and Notaro$
[1995], Kim et al. [2004], Usner et al. [2006], Sheng et al. [2012], Tong [2012], Yang and Tong [2012], Yang et al.
[2013a, 2013b], and Chobanyan et al. [2013]. However, none of the works have provided much details
about continuously inhomogeneous VIE implementations. More importantly, it also appears that there
are no implementations and demonstrations of a higher-order VIE method employing large continuously
inhomogeneous VIE elements, which may be referred to as the entire-domain or large-domain continuously
inhomogeneous VIE analysis. A notable exception is the entire-domain analysis of continuously inhomogeneous
dielectric scatterers in Popovi¢ and Notaros [1995]. However, this method has limited accuracy and
efficiency due to geometrical modeling using parallelepipeds (rectangular bricks), current modeling
using divergence-nonconforming polynomial basis functions, and testing using the point-matching
procedure. Another exception is a double-higher-order inhomogeneous VIE example in Chobanyan et al.
[2013]. However, the results in this example, a continuously inhomogeneous dielectric spherical scatterer, aimed
to show the capability of the proposed VIE technique to directly treat a continuously inhomogeneous dielectric,
are generated in an “ad hoc” manner, with a special point-matching (zeroth-order) modeling of the continuously
varying dielectric profile in spherical coordinates associated with the dielectric sphere, in which coordinates of
the radial variation of dielectric permittivity inside the sphere are described. The ad hoc method used works only
for this example, and is thus not described in the paper, and no general method for modeling of the continuously
varying dielectric parameters within VIE elements is developed, implemented, or described.

This paper presents a novel double-higher-order entire-domain VIE technique for efficient analysis of EM
structures with continuously inhomogeneous dielectric materials, based on Lagrange-type modeling of
the continuously varying dielectric parameters within VIE elements. The technique uses Lagrange-type
generalized curved parametric hexahedral elements of arbitrary geometrical orders for the approximation
of geometry in conjunction with divergence-conforming hierarchical polynomial vector basis functions of
arbitrary orders for the approximation of currents within the elements. Variations of &.(r) are incorporated by
means of the same Lagrange interpolating scheme used for defining element spatial coordinates. On one side,
the technique represents a continuously inhomogeneous generalization of the double-higher-order (higher-order
modeling of both the geometry and the current) VIE method in Chobanyan et al. [2013]. On the other side, it
represents a VIE version of the continuously inhomogeneous FEM in lli¢ et al. [2009b]. Overall, to the best of
our knowledge, this is the first implementation and demonstration of a VIE method with double-higher-order
discretization elements and conformal modeling of inhomogeneous dielectric materials embedded
within elements that are also higher (arbitrary) order (with arbitrary material-representation orders
within each curved and large VIE element). The new technique may thus even be referred to as a

CHOBANYAN ET AL.

HIGHER ORDER CONTINUOUS-VIE TECHNIQUE 407



@AG U Radio Science 10.1002/2014RS005634

triple-higher-order method. This paper also provides an elaborate and explicit discussion of continuously
inhomogeneous VIE modeling.

The new technique has been validated and evaluated by comparisons with (i) the continuously inhomogeneous
double-higher-order FEM technique [lli¢ et al., 2009b], (ii) a piecewise homogeneous version of the double-
higher-order VIE technique, and (iii) the commercial (piecewise homogeneous FEM) EM software ANSYS
HFSS. The numerical examples demonstrate higher efficiency and considerable reductions in the number
of unknowns and computational time with the new technique when compared to all three approaches
(i)—(iii). The examples include two real-world applications involving continuously inhomogeneous permittivity
profiles: scattering from a realistically shaped melting hailstone and near-field analysis of a Luneburg lens,
illuminated by a corrugated horn antenna.

The paper is organized as follows: section 2 briefly outlines the general theory of a VIE and its double-
higher-order discretization with a Galerkin-type MOM. Section 3 presents the modeling and implementation
details of the proposed Lagrange-type continuous variation of &.(r) within each VIE element. In section 4,
the new technique is validated by various numerical examples.

2. Outline of the Volume Integral Equation Theory and Numerical Discretization

According to Chobanyan et al. [2013], the equation describing the EM problem of an arbitrarily shaped
structure consisting of dielectric materials of the equivalent complex permittivity &, = &€ — jo/w in a domain
V, excited by a time-harmonic EM field of complex electric field intensity vector E; and angular frequency o,
is given by

D
—— HOICngV—— |:JV' (CD) ngV-i-I (CD) ng5:| (1)
e

where D is the equivalent electric displacement vector, D =¢.E, whose normal component is continuous
(n-Dq=n-D,) across the surfaces of abrupt discontinuity in g, Sq. The electric contrast of the dielectric
with respect to free space (background medium) is defined as C=(g. — gg)/ge, and g is the free-space
Green'’s function.

In our discretization of equation (1) [Chobanyan et al., 2013], the computational domain is first geometrically
tessellated using Lagrange-type generalized curved parametric hexahedra of arbitrary geometrical orders
Ky, Ky, and K,, (K, K., K,,>1), shown in Figure 1 and analytically described as [/li¢ and Notaros, 2003]

Ki K, Ky
uvw) =D D ) ok (W ()L (w),
i=0j=0k=0
()
Kooy u
Lf“(u): , —1<u,v,w<1,
up — uy

1=0
I#i

where ¥ =r(u;, v, wy) are the position vectors of interpolation nodes and Lf“ represent Lagrange interpolation
polynomials in the u coordinate, with u; being the uniformly spaced interpolating nodes in u defined as
u=Q@2I-K)/K, 1=0,1,...,K,, and similarly for Lfv(v) and L{*(w). Curvilinear hexahedral modeling facilitates
volumetric meshes that can employ very large elements, which is consistent with the double-higher-order
large-domain (entire-domain) VIE paradigm. Tetrahedral elements could be used (with appropriate local
parent coordinate systems) as well but with limited flexibility in terms of large-domain modeling and
generally larger numbers of unknowns when compared to hexahedral large-domain models. A key step in
preprocessing for the analysis is generation of hexahedral meshes of higher (K,, K,, and ) orders. Recently,
commercial software meshing tools such as ANSYS ICEM CFD and csimsoft Trelis (formerly CUBIT) became
available, which can automatically generate first- and second-order hexahedral meshes, and these are (K, K,,
and K,,) orders that suffice in most applications. For meshes of geometrical orders higher than two, one can
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Figure 1. Generalized curved parametric hexahedral VIE element defined by equation (2), with a continuously varying
dielectric profile given by equation (3).

use a technique that hierarchically converts a number of elements of geometrical orders K into an element of
orders K+ 1.

Vector D inside every generalized hexahedron in the model is then expanded in terms of divergence-conforming
hierarchical polynomial vector basis functions of arbitrary current-approximation orders N, N,, and N,,, (N, N,,,
N, >1), as in Chobanyan et al. [2013]. After applying the Galerkin-type testing, we obtain a system of linear
equations in a matrix form, where unknowns are the coefficients in the expansion for D.

3. Proposed Lagrange-Type VIE Modeling of Continuous Permittivity Variation

To implement continuous variations of material parameters, we utilize the already developed Lagrange
interpolating scheme for defining spatial coordinates of an element in equation (2), which can be conveniently
reused to govern the change of the equivalent complex permittivity & within the hexahedral element, as follows:

My M, M,
Ee(U,V, W) = > D el (WL (V)L (W), —1<u,v,w<1, 3)
m=0n=0 p=0

where €¢ mnp = €elUm, Vo, Wp) are the permittivity values at the points defined by (M,+1)M, + 1)(M,,+1)
position vectors of spatial interpolation nodes r(up, v, Wp), with M, M,, and M,, (M, M, M,,>1) standing
for arbitrary material-representation polynomial orders within the VIE element in Figure 1, similarly to
lli¢ et al. [2009b]. For example, in the case of M,=M,=M,, =1, & is a trilinear function throughout the
element volume, governed by the given fixed values at eight points—hexahedron vertices. If
M,=M,=M,, =2, then the inputs are values for g, at 27 interpolation nodes, and the corresponding
profiles are triquadratic functions and so on. Geometrical-mapping orders (K, K,, K,), current-expansion
orders (N, N,, N,,), and material-representation orders (M,, M,, M,,) are entirely independent from each
other, and the three sets of parameters of a double-higher-order inhomogeneous model can be
combined independently for the best overall performance of the method. Furthermore, all of the
parameters can be adopted anisotropically in different directions within an element and nonuniformly
from element to element in a model.

Starting with equation (1) and having in mind the general VIE expression for generalized Galerkin MOM
impedances (the system matrix elements) using magnetic vector and electric scalar Lorenz potentials in
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Chobanyan et al. [2013], we derive the following expression for the matrix entry corresponding to the test-
ing functions f,,, and basis functions f,, defined on the mth and nth inhomogeneous double-higher-order
hexahedral VIE elements (V,,, and V,,)), respectively, in the model

1
Zon = | = £a Vi — 0?ng [ £ [ £4CagdVndVi
v,, tem Ve Vs

1
. [ £ V- (Caf) - VadVidVin + [ £] - (Cof)VgdS,dV,r
Ve Vp Vin  Sn

1 1
- ijafm fydVp — mzuovjmfmvjnfncngdvndvm +avjmv.fm Vjﬁcnv £,gdV,dV,m

(4)
1 1
o [ V-tn] £2-VCagdVaavi, o [ v-ta Cofir - ngdV,av, :

Vi Vim

Vi Sn
|
€

OSm

_lj

€0 5

1
fn-n J C,V-f,gdV,dS,, — —I fn,-n J f, VC,gdV,dSn,
v, o3 V,n
£ 0 Cof - ndS,dS,,
Sn

with S, and S,, being the surfaces of the mth and nth elements, respectively, oriented outward. If £, and eep,
are constant, all terms including VC, are vanishing, 1/e.,, and C, can be taken outside the respective
integrals, and the final expression in equation (4) reduces to its piecewise homogeneous version, with
both elements being filled with homogeneous dielectrics, in Chobanyan et al. [2013]. For continuously
inhomogeneous elements, VC, in the integrals is calculated as

_oCyar | 9C,or  oC, or  OC, @ (ee - go) 600k

- ===,
€5 ou

VG, = - —
"7 Budu E)vé?ijc'iwéw7 ou ou

(5)
e
with similar expressions for 0C,/0v and 0C,/ow. With r and g, within each element represented as in
equations (2) and (3), respectively, the calculation of partial derivatives in equation (5) is a matter of simple
analytical differentiation of Lagrange polynomials. The singular integrals in equation (4) are evaluated by a
singularity extraction technique described in Chobanyan et al. [2013], where the technique for generation
of the generalized Galerkin impedances (for homogeneous elements) is presented in detail as well. The
numerical integration is carried out using the Gauss-Legendre integration formula with orders generally
adopted as NGL=N+2, where N are the current-approximation orders in the element, which is in
accordance with the guidelines established in Klopf et al. [2012].

4. Numerical Results

All simulations are performed on a PC with Intel” Core™ i7 CPU 960 processor at 3.2 GHz, 24 Gb of random
access memory (RAM), and 64 bit Windows 7 operating system. The current version of the presented continu-
ously inhomogeneous double-higher-order VIE technique is a classical MOM code, that is not accelerated in
any way and is not parallelized, with the final matrix equation being solved utilizing a direct solver, based on
lower upper factorization (with full matrix storage). Hence, the computational (CPU) complexities of the
matrix filling and matrix solution are O(N?) and O(N?), respectively, and the memory consumption scales as
O(N?). In all examples, the choice of the current-expansion orders (N,, N,, and N,,) is made based on Klopf
et al. [2012].

4.1. Continuously Inhomogeneous Spherical Dielectric Scatterer

As the first example illustrating the efficiency of the proposed technique in modeling of continuously inho-
mogeneous structures, we consider a lossless (o = 0) spherical dielectric (u, = 1) scatterer, of radius a=10 cm,
situated in free space and illuminated by a uniform plane wave of frequency f=1.3 GHz, impinging from
Oinc =0°and djnc = 0° directions. The relative permittivity of the sphere is a linear function of a radial coordi-
nate r with the coordinate origin coinciding with the center of the sphere, &,(r) =6 — 5r/a, as depicted in the
inset of Figure 2. The sphere is modeled by seven curvilinear hexahedral elements of the second geometrical
order (K, =K, =K, =2); in specific, the model consists of the central sphere-like hexahedron of radius

CHOBANYAN ET AL.

HIGHER ORDER CONTINUOUS-VIE TECHNIQUE 410



@AG U Radio Science 10.1002/2014RS005634

45| © LayeredVIE (2layers)| ‘ a/20 and six “cushion-like” hexahedra
- +_ Ianereg x:g Eg :ayers; between the central sphere and the scat-

ayere ayers $ o
+  Continuous VIE s terer surface. The current-approximation
Continuous FEM 0 orders are N,=N,=N,, =2 for the small

central element and N,=N,=N,, =4

for all the “cushions,” resulting in a total
of NV = 1380 unknowns. The permit-
tivity €e = €& inside the curved elements
is represented as a Lagrange polyno-
mial function of material-representation

orders M,=M,=M,,=1.

Validation and evaluation of the con-
tinuously inhomogeneous VIE model is
carried out in comparison with VIE
simulations of piecewise homogeneous
approximate models of the structure
Figure 2. Normalized bistatic radar cross section (RCS) of an inhomoge- ~and a continuously inhomogeneous
neous dielectric spherical scatterer (shown in the inset): comparison of FEM as a reference solution. Three dif-
the results obtained by the proposed continuously inhomogeneous double-  ferent piecewise homogeneous models
higher-order VIE technique, layered VIE solutions on three different piecewise

homogeneous double-higher-order models, and continuously inhomo-
geneous double-higher-order FEM results.

00 20 40 60 80 100 120 140 160 180

0 [degrees]

are constructed for the comparison,
where the inhomogeneous cushion-like
elements are replaced by N, =2, 4, and
6 layers, respectively, of thin homoge-
neous cushions of geometrical orders K,=K,=K, =2 and current-approximation orders N,=N,=N,, =3.
Figure 2 shows the bistatic radar cross section (RCS) of the sphere, normalized to Xé (Ao being the free-space
wavelength), in a characteristic plane (¢ =90°). It can be observed that with increasing N, solutions obtained
using the piecewise homogeneous models converge to the results of the continuously inhomogeneous VIE
analysis, as well as that the continuous VIE solution accurately matches the reference continuous FEM solu-
tion [lli¢ et al.,, 2009b], utilizing the same continuously inhomogeneous large curved hexahedral elements,
but with completely different field equations and numerical procedure. In addition, as can be concluded from
Table 1, the continuous VIE approach demonstrates advantages in both the number of unknowns and the
computational time in comparison with the most precise piecewise homogeneous layered VIE model,
with N =6.

4.2, Realistic Scattering Modeling of an Egg-Shaped Melting Hailstone

The second example illustrates a real-life application of the technique, where we consider an egg-shaped
melting hailstone with a linear radial variation of the relative equivalent permittivity which changes from
€, =20.71 —j5.23 (wet hail), at the surface, to €., =3.14 —j0.004 (dry hail) [Aydin et al., 1997], at the center
of the object, as depicted in the inset of Figure 3. Similarly to the first example, the hailstone is modeled
by only seven inhomogeneous curvilinear hexahedral VIE elements with K,=K,=K,, =2, N,=N,=N, =6,
My=M,=M, =2, and N/g_ =5076. The computational time is Ty, = Tyt + Tin g = 12565+ 30
= 1286 s per frequency point, and the RAM consumption is 412.3 Mb. Validation of the inhomogeneous
double-higher-order VIE model is carried out in comparison with the solution obtained by the inhomoge-
neous double-higher-order FEM [lli¢ et al,, 2009b]. The FEM simulation requires NTEM — 5646 unknowns,

unkn

Table 1. Comparison of the Number of Unknowns, Computational Time, and Memory (RAM) Usage for the Continuous
VIE and Layered VIE Solutions in Figure 2

Number of Matrix Filling Matrix Solving RAM
Unknowns Time (s) Time (s) (Mb)
Continuous VIE 1380 138 2 30.5
Layered VIE N, =2 1215 45 1 236
Layered VIE N_. =4 2295 150 5 843
Layered VIEN_ =6 3375 315 12 182.3
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Co;1tinuous VIE TTEM=5086 s of computational time,
0 «  Continuous FEM and 3659Mb of RAM. Shown in

51 Figure 3 is the normalized monostatic

0! RCS of the hailstone for the wave

incident from the negative z direction,

g -15 computed in the frequency range

e 20 a=15cm from 1GHz to 10GHz, where we

8 b=12cm observe an excellent agreement of the

¥ 25 ¢=09cm results obtained by the two numerical
-30 methods.

4.3. Near-Field Analysis of a 10
Wavelength Luneburg Lens
llluminated by a Corrugated

1 2 3 4 5 6 7 8 9 10 Horn Antenna
Frequency [GHz]

As the last example, consider a

Figure 3. Normalized monostatic RCS of an egg-shaped continuously  Luneburg lens, in the form of a dielec-
inhomogeneous melting hailstone model (shown in the inset): comparison tric sphere with relative permittivity

of continuously inhomogeneous double-higher-order VIE and FEM solutions. varying radially from 2, at the sphere

center, to 1, at the surface, that is, &)

=2 —(r/R), where R is the radius of
the lens. The lens is 10k in diameter and is illuminated by a corrugated horn antenna made of a perfect elec-
tric conductor (PEC), as shown in Figure 4. The lens is modeled by 112 inhomogeneous curvilinear hexahedral
VIE elements with K,=K,=K,,=2, N,=N,=N,, =4, and M,=M,=M,,=2, and the corrugated horn antenna
model consists of 124 quadrilateral PEC patches with K,=K,=1 and N, =N, =3. In this example, the VIE in
equation (1) for the lens is coupled with the surface integral equation (SIE) for the horn antenna, resulting
in a hybrid VIE-SIE system of integral equations, which are discretized and solved simultaneously,
as described in Chobanyan et al. [2013]. With the use of symmetry (only one fourth of the lens-horn struc-
ture is modeled), the VIE-SIE discretization of the model requires a total of N5~ = 24,501 unknowns;

TVIESIE _ VIESIE 4 TVIESIE _ 19 4155 43230 s = 14,645 s of computational time; and 9.6 Gb of RAM.

total filling solving

We validate the VIE-SIE model by demonstrating the lens effect and comparing the near-field results with
those obtained by the commercial FEM EM software ANSYS HFSS. The simulated normalized real part of
the y component of the electric field vector in the xOz plane passing through the lens is shown in
Figure 5. Both simulations, by the VIE-

b ‘ SIE and HFSS, clearly demonstrate the

i effect of the lens while cross-validating

* each other (acknowledging the slight

p 5 differences in the color coding used in

the two codes and difference in excita-

Near field plane tion modeling, which in HFSS is a wave
port and in VIE-SIE is a point-delta

generator). In addition, the proposed

continuously inhomogeneous VIE-SIE

L technique demonstrates better compu-
tational efficiency in comparison

a=3.44\, with the HFSS simulation, which, with

only one fourth of the structure in
Figure 4 modeled using symmetry,
L=23.5T\ requires 1,052,815 homogeneous tetra-
hedra; 252 triangles; NS — 6 678,731

unkn
unknowns; T7F5=28,297 s of compu-

Figure 4. VIE-SIE analysis of a 10 A radially continuously inhomogeneous ~ tational time (for a single adaptive
dielectric Luneburg lens illuminated by a corrugated horn PEC antenna. pass); and 22.8Gb of RAM; this is

\ Luneburg lens

Corrugated horn ante

b=10},
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Continuous VIE-SIE: 112 VIE and 124 SIE elements,
24,501 unknowns, 4 h 4 min 5 sec, 9.6 GB RAM

o

HFSS: 1,052,815 tetrahedral and 252 triangular elements,
6,678,731 unknowns, 7 h 51 min 37 sec, 22.8 GB RAM

approximately 1.93 times slower and
2.48 times more memory consuming
than the VIE-SIE computation.

5. Conclusions

This paper has presented a novel
double-higher-order  entire-domain
VIE technique for efficient analysis of
scattering from continuously inhomo-
geneous dielectric bodies. Special
Lagrange-type generalized curved
parametric hexahedra with continuous
variations of dielectric parameters
have been utilized for geometrical
tessellation as part of VIE modeling.
The general expression for computa-
tion of the Galerkin MOM matrix for
inhomogeneous double-higher-order
hexahedral VIE elements has been
derived and implemented. The
technique combines the features of
the previously published double-
higher-order VIE method and the
continuously inhomogeneous FEM. To
the best of our knowledge, this is the
first implementation and demonstra-
tion of continuously inhomogeneous
tessellation elements in a double-
higher-order VIE approach with con-
formal modeling of inhomogeneous
dielectric materials embedded within
elements that are also higher order, with arbitrary material-representation orders within each curved
and large VIE element.

Figure 5. Near electric field of a 10 Ao Luneburg lens illuminated by a
corrugated horn antenna: comparison of the continuously inhomogeneous
double-higher-order VIE-SIE solution and the results obtained by the
commercial (piecewise homogeneous FEM) code ANSYS HFSS.

The new technique has been validated and evaluated by comparisons with a continuously inhomogeneous
double-higher-order FEM technique, a piecewise homogeneous version of the double-higher-order VIE tech-
nique, and the commercial piecewise homogeneous FEM code HFSS. The examples have included scattering
from an inhomogeneous sphere and an egg-shaped melting hailstone and near-field analysis of a Luneburg
lens, illuminated by a corrugated horn antenna. The new technique has been found to be more efficient and
to ensure considerable reductions in the number of unknowns and computational time when compared to
the three alternative approaches. In addition, it should be noted that, in general, implementation of .(r) as a
function of the position in each geometrical element becomes efficient when electrically large elements are
utilized. Therefore, double-higher-order discretization in conjunction with the continuously inhomogeneous
VIE is more practical for application purposes than its low-order counterparts.

References

Ansari-Oghol-Beig, D., J. Wang, Z. Peng, and J.-F. Lee (2012), A universal array approach for finite elements with continuously inhomogeneous
material properties, IEEE Trans. Antennas Propag., 60(10), 4745-4756, doi:10.1109/TAP.2012.2207310.

Aydin, K., S. H. Park, and T. M. Walsh (1997), Bistatic dual-polarization scattering from rain and hail at S- and C-band frequencies, J. Atmos.
Oceanic Technol., 15,1110-1121, doi:10.1175/1520-0426(1998)015<1110:BDPSFR>2.0.CO;2.

Botha, M. M. (2006), Solving the volume integral equations of electromagnetic scattering, J. Comput. Phys., 218(1), 141-158, doi:10.1016/
jj€p.2006.02.004.

Chobanyan, E., M. M. Ili¢, and B. M. Notaro$ (2013), Double-higher-order large-domain volume/surface integral equation method for
analysis of composite wire-plate-dielectric antennas and scatterers, IEEE Trans. Antennas Propag., 61(12), 6051-6063, doi:10.1109/
TAP.2013.2281360.

CHOBANYAN ET AL.

HIGHER ORDER CONTINUOUS-VIE TECHNIQUE 413


http://dx.doi.org/10.1109/TAP.2012.2207310
http://dx.doi.org/10.1175/1520-0426(1998)015<1110:BDPSFR>2.0.CO;2
http://dx.doi.org/10.1175/1520-0426(1998)015<1110:BDPSFR>2.0.CO;2
http://dx.doi.org/10.1175/1520-0426(1998)015<1110:BDPSFR>2.0.CO;2
http://dx.doi.org/10.1016/j.jcp.2006.02.004
http://dx.doi.org/10.1016/j.jcp.2006.02.004
http://dx.doi.org/10.1109/TAP.2013.2281360
http://dx.doi.org/10.1109/TAP.2013.2281360

@AG U Radio Science 10.1002/2014RS005634

Hasanovic, M., C. Mei, J. R. Mautz, and E. Arvas (2007), Scattering from 3-D inhomogeneous chiral bodies of arbitrary shape by method of
moments, IEEE Trans. Antennas Propag., 55(6), 1817-1825, doi:10.1109/TAP.2007.898590.

lli¢, M. M,, and B. M. Notaros (2003), Higher order hierarchical curved hexahedral vector finite elements for electromagnetic modeling, IEEE
Trans. Microwave Theory Tech., 51(3), 1026-1033, doi:10.1109/TMTT.2003.808680.

Ili¢, M. M., M. Djordjevi¢, A. Z. lli¢, and B. M. Notaros$ (2009a), Higher order hybrid FEM-MOM technique for analysis of antennas and scatterers,
IEEE Trans. Antennas Propag., 57(5), 1452-1460, doi:10.1109/TAP.2009.2016725.

lli¢, M. M., A. Z. 1li¢, and B. M. Notaro$ (2009b), Continuously inhomogeneous higher order finite elements for 3-D electromagnetic analysis,
IEEE Trans. Antennas Propag., 57(9), 2798-2803, doi:10.1109/TAP.2009.2027350.

Jarvenpadg, S., J. Markkanen, and P. Yla-Oijala (2013), Broadband multilevel fast multipole algorithm for electric-magnetic current volume
integral equation, IEEE Trans. Antennas Propag., 61(8), 4393-4397, doi:10.1109/TAP.2013.2262113.

Jin, J. M. (2002), The Finite Element Method in Electromagnetics, 2nd ed., John Wiley, New York.

Kim, O. S., P. Meincke, O. Breinbjerg, and E. Jergensen (2004), Method of moments solution of volume integral equations using higher-order
hierarchical Legendre basis functions, Radio Sci., 39, RS5003, doi:10.1029/2004RS003041.

Klopf, E. M., N. J. Sekelji¢, M. M. lli¢, and B. M. Notaro$ (2012), Optimal modeling parameters for higher order MOM-SIE and FEM-MOM
electromagnetic simulations, IEEE Trans. Antennas Propag., 60(6), 2790-2801, doi:10.1109/TAP.2012.2194669.

Kobidze, G., and B. Shanker (2004), Integral equation based analysis of scattering from 3-D inhomogeneous anisotropic bodies, IEEE Trans.
Antennas Propag., 52(10), 2650-2658, doi:10.1109/TAP.2004.834439.

Notaros, B. M., and B. D. Popovi¢ (1998), Large-domain integral-equation method for analysis of general 3-D electromagnetic structures, IEE
Proc. - Microwaves, Antennas Propag., 145(6), 491-495, doi:10.1049/ip-map:19982385.

Popovi¢, B. D., and B. M. Notaros (1995), Entire-domain polynomial approximation of volume currents in the analysis of dielectric scatterers,
IEE Proc. - Microwaves, Antennas Propag., 142(3), 207-212, doi:10.1049/ip-map:19951825.

Schaubert, D. H., D. R. Wilton, and A. W. Glisson (1984), A tetrahedral modeling method for electromagnetic scattering by arbitrarily shaped
inhomogeneous dielectric bodies, IEEE Trans. Antennas Propag., AP-32, 77-85, doi:10.1109/TAP.1984.1143193.

Sertel, K., and J. L. Volakis (2002), Method of moments solution of volume integral equations using parametric geometry modeling, Radio Sci.,
37(1), 1010, doi:10.1029/2000RS002597.

Sheng, W. T,, Z. Y. Zhu, and M. S. Tong (2012), On the method of moments solution for volume integral equation with inhomogeneous
dielectric media, IEEE Antennas Wireless Propag. Lett., 11, 1154-1157, doi:10.1109/LAWP.2012.2219573.

Tong, M. S. (2012), Meshfree solutions of volume integral equations for electromagnetic scattering by anisotropic objects, IEEE Trans.
Antennas Propag., 60(9), 4249-4258, doi:10.1109/TAP.2012.2207052.

Usner, B. C,, K. Sertel, M. A. Carr, and J. L. Volakis (2006), Generalized volume-surface integral equation for modeling inhomogeneities within
high contrast composite structures, IEEE Trans. Antennas Propag., 54(1), 68-75, doi:10.1109/TAP.2005.861579.

Yang, K., and M. S. Tong (2012), A meshless scheme for solving volume integral equations with inhomogeneous media, IEEE Antennas Propag.
Soc. Int. Symp. (APSURSI), 8-14, 1-2, doi:10.1109/APS.2012.6348562.

Yang, K., J. C. Zhou, W. T. Sheng, Z. T. Zhu, and M. S. Tong (2013a), Electromagnetic analysis for inhomogeneous interconnect and
packaging structures based on volume-surface integral equations, IEEE Trans. Compon. Packag. Manuf. Technol., 3(8), 1364-1371,
doi:10.1109/TCPMT.2013.2241436.

Yang, K., J. C. Zhou, W. T. Sheng, Z. T. Zhu, and M. S. Tong (2013b), Efficient Nystrom solutions of electromagnetic scattering by composite
objects with inhomogeneous anisotropic media, IEEE Trans. Antennas Propag., 61(10), 5328-5332, doi:10.1109/TAP.2013.2272671.

CHOBANYAN ET AL.

HIGHER ORDER CONTINUOUS-VIE TECHNIQUE 414


http://dx.doi.org/10.1109/TAP.2007.898590
http://dx.doi.org/10.1109/TMTT.2003.808680
http://dx.doi.org/10.1109/TAP.2009.2016725
http://dx.doi.org/10.1109/TAP.2009.2027350
http://dx.doi.org/10.1109/TAP.2013.2262113
http://dx.doi.org/10.1029/2004RS003041
http://dx.doi.org/10.1109/TAP.2012.2194669
http://dx.doi.org/10.1109/TAP.2004.834439
http://dx.doi.org/10.1049/ip-map:19982385
http://dx.doi.org/10.1049/ip-map:19951825
http://dx.doi.org/10.1109/TAP.1984.1143193
http://dx.doi.org/10.1029/2000RS002597
http://dx.doi.org/10.1109/LAWP.2012.2219573
http://dx.doi.org/10.1109/TAP.2012.2207052
http://dx.doi.org/10.1109/TAP.2005.861579
http://dx.doi.org/10.1109/APS.2012.6348562
http://dx.doi.org/10.1109/TCPMT.2013.2241436
http://dx.doi.org/10.1109/TAP.2013.2272671


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (ECI-RGB.icc)
  /CalCMYKProfile (Photoshop 5 Default CMYK)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


