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In the previous several weeks, we have analyzed the ideal 1-D performance of a rocket nozzle.  The equations that we developed for C*, CF, Isp, ue, etc., were found to depend on the following:

i.

ii.

iii.

iv.

The above 4 parameters are a function of the propellants chosen and the ratio of oxidizer to fuel (O/F ratio).   In this section (See also Sutton, Ch. 5), we will present the theory required to determine the above 4 parameters for a given propellant combination.  Fortunately, the required calculations are readily handled using the NASA CEA computer code.   
Technical Objectives:  

At the conclusion of this lecture you will be able to:

· For electrothermal or nuclear rocket, calculate equilibrium mole fractions (Xi), ratio of specific heats (and average molecular weight (MW) as a function of Tc and Pc.

· For a chemical rocket, calculate chamber temperature (Tc), product mole fractions (Xi), ratio of specific heats (, and average molecular weight (MW) for a given propellant combination and O/F ratio. 

· Calculate, Isp, Ivac, C*, CFo for a given chemical propellant combination as a function of O/F ratio.

· Explain the difference between frozen and shifting equilibrium and perform nozzle calculations using both assumptions.  

Consider the following liquid propellant H2/O2 rocket engine:

Liquid propellants hydrogen and oxygen are injected into the rocket engine where they atomize (break down into very small droplets), mix and react, resulting in combustion products (water, H2, OH, etc.) at a very high temperature, Tc.  In this chapter, the goal will be to determine Tc and the mole fractions (Xi) at the inlet to the nozzle.

1. Combustion Terminology:

A. Reactants and Products

In a chemical rocket, reactants (i.e. fuel and oxidizer) are rapidly reacted chemically into products. As the reactants are transformed into products energy is released. 

Reactants consist of fuels and oxidizers.  

B. Fuels

On Earth, fuels consist of molecules containing Carbon and/or Hydrogen atoms:

Liquid Hydrocarbon Fuels:

Solid Hydrocarbon Fuels:

Although, metals (such as aluminum and magnesium), hydrazine (N2H4) and other compounds are also used in certain applications.  

Metal Fuels

C. Oxidizers

In the majority of cases in liquid rocket propulsion, liquid oxygen (O2) is the oxidizer.  Fluorine is also an effective oxidizer, but it is nasty stuff. CO2, which is usually a product can also be an oxidizer in metals combustion!
D. Products

Products are the molecules that are present after the fuel and oxidizer react.  If the fuels contain only carbon and hydrogen, the ideal combustion products are:

E. Mole Fraction (Xi), and Mass Fraction (Yi). 

Mole fraction is the number of moles of a certain species divided by the total number of moles:

(1)

Mass fraction is the mass of a certain species divided by the total mass of all species:

(2)

Relationship between mole fraction and mass fraction:

(3)

F.  Stoichiometry

A stoichiometric mixture is that which would produce only ideal products, i.e. H2O, CO2, etc.  For example, a stoichiometric mixture of methane and LOX consists of the following:

Example 5.1: Calculate the mole fraction and mass fraction of propellants H2 and O2 as they enter the combustion chamber, assuming that the propellants are injected stoichiometrically. 
So, for every 1 mole of hydrogen molecules injected into the chamber, 0.5 mole of oxygen molecules are injected.  

But, on a mass basis, for every 1 kg of liquid hydrogen injected into the chamber, 8 kg of liquid oxygen must be injected!

G.  Oxidizer to Fuel Ratio (r).

As engineers, we are more concerned with the mass of fuel and oxidizer, not the number of molecules.  In rocket propulsion, the way we characterize the proportion of oxidizer to fuel (O/F) that is injected into the rocket engine is oxidizer to fuel ratio, r:


(4)
Example 5.2: For the example above, calculate the O/F ratio:

H.  Relationship between O/F ratio and total mass flow rate.

The overall thrust of a rocket engine is a function of total mass flow rate. Given a total mass flow rate, the O/F ratio can then be used to back out the individual mass flow rates of the fuel and oxidizer: 

(5)

(6)

2. Thermochemical Performance of Propellants

Consider again the liquid propellant hydrogen/oxygen engine:

The thermochemical analysis of this engine can be broken down into to separate parts:

1.  The combustion process.  Assumptions:

2. The nozzle gas expansion process.  Assumptions:

So far, we have examined the second process in detail, but only with respect to several, still unknown parameters, Tc, , MW.  

Note:  chemical reactions can and do occur in the nozzle as well, but if we assume constant  and MW of the exhaust products (from process 1), we can use all of the relationships that we derived in the previous weeks with only a marginal error.

3. The Concept of Chemical Equilibrium
Practical experience has shown that for most practical chemical rocket engines the residence time of the gases in the engine is long enough (or the chemical reactions are fast enough) so that by the time the gases reach the nozzle they have reached chemical equilibrium.

Chemical Equilibrium 

The best way to understand chemical equilibrium is by an example.  Consider the stoichiometric mixture of .5 mole of hydrogen and 1 moles of oxygen, perfectly sealed in a completely insulated vessel.    After waiting for a long time, Mother Nature requires (The First and Second Laws of Thermodynamics) that there is only one possible temperature and distribution of products.  This is the chemical equilibrium state.

Based on the molar ratio of hydrogen to oxygen, we may have expected that the final chemical composition would have been purely H2O.  However, the combustion products of the H2/O2 system are NEVER only water.  Even, in the situation where a perfectly stoichiometric mixture is burned. Why not?

Chemical Equilibrium always requires some statistical distribution of the infinite number of molecular configurations of hydrogen and oxygen.  Furthermore, the distribution of products present at equilibrium is a function of temperature and as temperature increases, smaller molecules are favored. 

How do we calculate the exact product distribution and final temperature of the above system (i.e. number of moles of each of the products and the final temperature present at equilibrium)?

1.  Analytically, using equilibrium constants and element conservation (MECH558 Combustion)
2.  Using the NASA CEA chemical equilibrium code (Rockets)
Relationship between H2/O2 in a box and H2/O2 flowing through a rocket engine:

4. Thermochemical Calculation #1:  The Temperature/Pressure Problem

In chemical propulsion, the chamber temperature, Tc, is an unknown and is calculated by assuming that the reactants react adiabatically.  In nuclear or electrothermal propulsion, the chamber temperature is a design parameter that can be chosen independently, along with the chamber pressure, Pc.

Example 5.3.  Consider an arcjet operating on N2H4 at an average chamber temperature of 5000 K and a pressure of 50 psia.  The arcjet has an area ratio of 100 and it operates in a perfect vacuum.  Calculate the equilibrium products, average molecular weight of the products and ratio of specific heats using the NASA CEA Code, and then calculate C*, CF and Isp.
Before we start, it is always good practice to anticipate the dissociated products that will be present at equilibrium.  At T = 5000 K, there should only be 2-atom molecules and also 1-atom molecules:

The NASA CEA Code

The code can be downloaded on the Rockets web site.  The executable is called fcea2.exe. Thermo.lib and trans.lib are libraries that are needed to run the code.  thermo.inp is a text file that contains all of the species currently available in the code.  

To run the code, just click on the executable and it will open up a .dos shell.  The program will prompt you for an input data file.  Type in the file name, without an extention.  The program will generate an output file name called <filename.out>. 

For more information and to download the code directly from NASA visit the NASA CEA Website: http://www.grc.nasa.gov/WWW/CEAWeb/ 
Input File for Example 6.3  (arcjetn2h4.inp)
problem  tp  equilibrium  

p,psia=50.0 t(k)=5000.0

      reactants   

fuel = N2H4 mol  1.00 

      output  siunits

      end

Output File for Example 6.3 (arcjetn2h4.out)

*****************************************************************************
         NASA-GLENN CHEMICAL EQUILIBRIUM PROGRAM CEA2, MAY 21, 2004

                   BY  BONNIE MCBRIDE AND SANFORD GORDON

      REFS: NASA RP-1311, PART I, 1994 AND NASA RP-1311, PART II, 1996
*****************************************************************************
             REACTANT                       MOLES         ENERGY      TEMP

                                                         KJ/KG-MOL      K

 FUEL        N2H4                         1.0000000         0.000      0.000

O/F=   0.00000  %FUEL=100.000000  R,EQ.RATIO= 0.000000 PHI,EQ.RATIO= 0.000000

 THERMODYNAMIC PROPERTIES

 P, BAR            3.4474

 T, K             5000.00

 RHO, KG/CU M    5.5368-2

 H, KJ/KG         42058.0

 U, KJ/KG         35831.8

 G, KJ/KG       -103744.4

 S, KJ/(KG)(K)    29.1605

 M, (1/n)           6.677

 (dLV/dLP)t      -1.04028

 (dLV/dLT)p        1.4750

 Cp, KJ/(KG)(K)   11.1350

 GAMMAs            1.2548

 SON VEL,M/SEC     2795.1

 MOLE FRACTIONS

 *H               0.74177

 *H2              0.04573

 *N               0.00806

 *NH              0.00021

 *N2              0.20422

Now, we can calculate the theoretical performance of the Arcjet:

5. Thermochemical Calculation #2 - Adiabatic Combustion Chamber Temperature 
For chemical rockets, the combustion chamber temperature is unknown.  The NASA CEA Computer Code can be used to calculate the equilibrium conditions in the combustion chamber for a given propellant combination and O/F ratio.
Example 5.4.  The space shuttle main engines operate at an O/F ratio of 6.0 and a pressure of 2870 psia.  The engines have an area ratio of 68.8.  Calculate the chamber temperature, Tc, the equilibrium products, , MW, C*, CF and Isp at sea level.
Input File for Example 6.4  (h2o2hp.inp)
problem  hp  equilibrium  o/f=6  

p,psia=2870.000 

      reactants   

fuel = H2(L)  wt% 100.   t(k) 20.27 

oxid = O2(L)  wt% 100.   t(k) 90.17 

      output  siunits

      end

*****************************************************************************
         NASA-GLENN CHEMICAL EQUILIBRIUM PROGRAM CEA2, MAY 21, 2004

                   BY  BONNIE MCBRIDE AND SANFORD GORDON

      REFS: NASA RP-1311, PART I, 1994 AND NASA RP-1311, PART II, 1996 ****************************************************************************
             REACTANT                    WT FRACTION      ENERGY      TEMP

                                          (SEE NOTE)     KJ/KG-MOL      K  

 FUEL        H2(L)                        1.0000000     -9012.000     20.270

 OXIDANT     O2(L)                        1.0000000    -12979.000     90.170

O/F= 6.00000 %FUEL= 14.285714 R,EQ.RATIO= 1.322780 PHI,EQ.RATIO= 1.322780

 THERMODYNAMIC PROPERTIES

 P, BAR            197.88

 T, K             3594.37

 RHO, KG/CU M    9.0105 0

 H, KJ/KG         -986.31

 U, KJ/KG        -3182.40

 G, KJ/KG        -62790.6

 S, KJ/(KG)(K)    17.1948

 M, (1/n)          13.608

 (dLV/dLP)t      -1.01921

 (dLV/dLT)p        1.3335

 Cp, KJ/(KG)(K)    7.3661

 GAMMAs            1.1472

 SON VEL,M/SEC     1587.2

 MOLE FRACTIONS

 *H               0.02575

 HO2              0.00003

 *H2              0.24744

 H2O              0.68555

 H2O2             0.00002

 *O               0.00207

 *OH              0.03694

 *O2              0.00220

Now, we can calculate the theoretical performance of the SSME, assuming frozen equilibrium conditions in the rocket nozzle:

6. Thermochemical Calculation #3 – The Rocket Problem 
But wait, there’s more.  The NASA CEA Code can calculate C*, CFo, Isp, Ivac, etc. for you.  And, it can ALSO be used to calculate the conditions at the throat, and various locations in the nozzle:

Note that, by default, the NASA CEC code assumes shifting equilibrium in the nozzle, which we will discuss below.  In shifting equilibrium, the equilibrium species distributions are recalculated along the nozzle as pressure and temperature drop.
Example 5.5.  The space shuttle main engines operate at an O/F ratio of 6.0 and a pressure of 3280 psia.  The engines have an area ratio of 77.5.  Calculate the chamber temperature, Tc, the equilibrium products, , MW, C*, CF and Isp at sea level.

Input File for Example 5.5  (h2o2rocket.inp)
problem  rocket  equilibrium  o/f=6  

p,psia=2970.000 supar=10,25,50,68.8

      reactants   

fuel = H2(L)  wt% 100.   t(k) 20.27 

oxid = O2(L)  wt% 100.   t(k) 90.17 

      output  siunits

      end
Output File for Example 6.5  (h2o2rocket.out)
*****************************************************************************
         NASA-GLENN CHEMICAL EQUILIBRIUM PROGRAM CEA2, MAY 21, 2004

                   BY  BONNIE MCBRIDE AND SANFORD GORDON

      REFS: NASA RP-1311, PART I, 1994 AND NASA RP-1311, PART II, 1996

*****************************************************************************

              THEORETICAL ROCKET PERFORMANCE ASSUMING EQUILIBRIUM

           COMPOSITION DURING EXPANSION FROM INFINITE AREA COMBUSTOR

             REACTANT                    WT FRACTION      ENERGY      TEMP

                                          (SEE NOTE)     KJ/KG-MOL      K  

 FUEL        H2(L)                        1.0000000     -9012.000     20.270

 OXIDANT     O2(L)                        1.0000000    -12979.000     90.170

O/F=  6.00000  %FUEL= 14.285714  R,EQ.RATIO= 1.322780  PHI,EQ.RATIO= 1.322780

                 CHAMBER   THROAT     EXIT     EXIT     EXIT     EXIT

 Pinf/P            1.0000   1.7403   75.000   253.40   631.32   960.93

 P, BAR            204.77   117.67   2.7303  0.80811  0.32436  0.21310

 T, K             3597.76  3380.91  1989.23  1598.75  1342.04  1233.98

 RHO, KG/CU M    9.3188 0 5.7509 0 2.3288-1 8.5784-2 4.1019-2 2.9309-2

 H, KJ/KG         -986.31 -2161.42 -8152.42 -9436.24 -10225.8 -10544.4

 U, KJ/KG        -3183.73 -4207.46 -9324.86 -10378.3 -11016.5 -11271.5

 G, KJ/KG        -62773.7 -60224.6 -42315.1 -36893.0 -33273.7 -31736.6

 S, KJ/(KG)(K)    17.1738  17.1738  17.1738  17.1738  17.1738  17.1738

 M, (1/n)          13.613   13.739   14.107   14.111   14.111   14.111

 (dLV/dLP)t      -1.01902 -1.01417 -1.00015 -1.00001 -1.00000 -1.00000

 (dLV/dLT)p        1.3301   1.2614   1.0045   1.0003   1.0000   1.0000

 Cp, KJ/(KG)(K)    7.3258   6.7058   3.4384   3.1611   2.9880   2.9098

 GAMMAs            1.1474   1.1487   1.2089   1.2293   1.2456   1.2539

 SON VEL,M/SEC     1587.9   1533.0   1190.5   1076.1    992.5    954.8

 MACH NUMBER        0.000    1.000    3.180    3.820    4.331    4.579

 PERFORMANCE PARAMETERS

 Ae/At                      1.0000   10.000   25.000   50.000   68.800

 CSTAR, M/SEC               2322.7   2322.7   2322.7   2322.7   2322.7

 CF                         0.6600   1.6299   1.7699   1.8508   1.8824

 Ivac, M/SEC                2867.7   4095.5   4340.1   4482.7   4538.5

 Isp, M/SEC                 1533.0   3785.8   4110.9   4298.7   4372.2

 MOLE FRACTIONS

 *H               0.02550  0.02041  0.00045  0.00003  0.00000  0.00000

 HO2              0.00003  0.00002  0.00000  0.00000  0.00000  0.00000

 *H2              0.24741  0.24494  0.24379  0.24400  0.24402  0.24402

 H2O              0.68617  0.70491  0.75560  0.75597  0.75598  0.75598

 H2O2             0.00002  0.00001  0.00000  0.00000  0.00000  0.00000

 *O               0.00203  0.00123  0.00000  0.00000  0.00000  0.00000

 *OH              0.03667  0.02711  0.00016  0.00000  0.00000  0.00000

 *O2              0.00216  0.00137  0.00000  0.00000  0.00000  0.00000
Notes:
· Isp is calculated for optimum expansion (i.e. Pa = Pe)

· Ivac is the specific impulse if the engine were operated in a vacuum.

· The CF calculated by the CEA Code is actually CFo.  To calculate CF, you must add the CF term.
· There is a bug in the code with respect to Isp and Ivac.  To calculate Isp and Ivac, divide by 9.8 m/s2.  

7.  Thermochemical Performance of Rocket Propellants as a Function of O/F ratio.
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The thermodynamic performance (i.e. C*) of a rocket engine is a strong function of the O/F ratio.  In liquid propulsion, it is possible to obtain any O/F that you want since the fuels are injected into the chamber as liquids.  In hybrid rocket propulsion, it is a bit more tricky since the solid fuel flow rate is a function of the oxidizer flow rate.  
For any propellant combination, a plot of C* (or Isp) as a function of O/F ratio will have a maximum at some O/F ratio.  Figure 5.1 in Sutton shows these results for a LOX/RP-1 rocket engine:
The NASA CEA Code is quite handy for calculating the optimum O/F ratio for a specific fuel combination.

Example 5.6.  The space shuttle main engines operate on LOX/LH2 and a pressure of 2970 psia.  The engines have an area ratio of 68.8.  Calculate the chamber temperature, Tc, the equilibrium products, , MW, C*, Ivac as a function of O/F ratio.

Input File for Example 6.6  (h2o2rocket2.inp)
problem  rocket  equilibrium  o/f=2,3,4,5,6,7,8,9  

p,psia=2970.000 supar=68.8

      reactants   

fuel = H2(L)  wt% 100.   t(k) 20.27 

oxid = O2(L)  wt% 100.   t(k) 90.17 

      output  siunits

      end
	O/F
	C*(m/s)
	Tc (K)
	MW
	
	Ivac (s)
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8. Analysis of the Nozzle Expansion Process: Frozen vs. Shifting Equilibrium

Shifting Equilibrium

Referring back to the previous 2 examples, the NASA CEC code assumed shifting equilibrium.  Recall from Combustion class that the equilibrium state is a function of pressure and temperature.  So, as the pressure drops in the nozzle, the code was effectively re-solving the equilibrium problem for varying pressure:

In other words, the shifting equilibrium model is implicitly stating at each location in the nozzle gas mixture has time to reach its chemical equilibrium state as it flows through the nozzle.   Is this a valid approach?

As the temperature and pressure decrease, chemical reaction rates dramatically decrease, so at some point in the nozzle, the products actually become "frozen".  In other words, the mole fractions stop changing.

The result: Shifting Equilibrium overpredicts performance (i.e. C* and Isp) by approximately 1 to 4%.  

Frozen Equilibrium

An alternative way to solve the problem is to assume that the product mole fractions are invariant (or frozen) throughout the nozzle and remain identical to the conditions in the combustion chamber.  This analysis technique is called frozen equilibrium:

The result: Frozen Equilibrium underestimates performance (i.e. C* and Isp) by approximately 1 to 4%.  

Generally speaking, if you perform both a frozen equilibrium and shifting equilibrium analysis, you will bracket the actual solution (See Figure 5-1 and Table 5.5 Sutton):

The Actual Situation:  Shifting for a while…then frozen!

In reality, the gas composition in the nozzle starts out shifting and then as the pressure and temperature drop, the composition becomes frozen along the way.  The CEC code allows you to choose a location in the nozzle where the composition becomes frozen.  One reasonable choice is to assume that the composition becomes frozen at the throat.

In the following input data set, nfz refers to the location in the engine where the composition becomes frozen.  Nfz=1 will perform the calculation with the composition frozen at the chamber conditions. Nfz=2 will freeze the composition at the second location, in this case the throat.

problem  rocket  equilibrium  o/f=6.0

 p,psia=3000 supar=25,50,77.5

 eql frozen nfz=1

       reactants

 fuel = H2(L)  wt% 100.   t(k) 20.27

 oxid = O2(L)  wt% 100.   t(k) 90.17

       output  siunits

       end
Results: Shifting Equilibrium

                 CHAMBER   THROAT     EXIT     EXIT     EXIT

 Pinf/P            1.0000   1.7405   253.81   632.33  1125.85

 P, BAR            206.84   118.84   .81493   .32711   .18372

 T, K             3604.56  3386.59  1597.40  1340.84  1194.12

 GAMMAs            1.1476   1.1490   1.2293   1.2457   1.2572

 Ae/At                      1.0000   25.000   50.000   77.500

 CSTAR, M/SEC               2323.8   2323.8   2323.8   2323.8

 Ivac, M/SEC                2869.2   4340.9   4483.3   4558.5

 Isp, M/SEC                 1534.1   4112.0   4299.5   4398.5

 MOLE FRACTIONS

 *H                .02571   .02056   .00003   .00000   .00000

 HO2               .00004   .00002   .00000   .00000   .00000

 *H2               .24676   .24437   .24400   .24402   .24402

 H2O               .68833   .70677   .75597   .75598   .75598

 H2O2              .00002   .00001   .00000   .00000   .00000

 *O                .00209   .00126   .00000   .00000   .00000

 *OH               .03483   .02559   .00000   .00000   .00000

 *O2               .00223   .00141   .00000   .00000   .00000

Results: FROZEN COMPOSITION (at chamber conditions, nfz=1)

CHAMBER   THROAT     EXIT     EXIT     EXIT

 Pinf/P            1.0000   1.7686   284.80   721.34  1299.25

 P, BAR            206.84   116.95   .72626   .28675   .15920

 T, K             3604.56  3286.76  1317.80  1083.93   952.22

 M, (1/n)          13.623   13.623   13.623   13.623   13.623

 GAMMAs            1.1915   1.1948   1.2566   1.2761   1.2886

 Ae/At                      1.0000   25.000   50.000   77.500

 CSTAR, M/SEC               2291.7   2291.7   2291.7   2291.7

 Ivac, M/SEC                2843.9   4199.4   4323.6   4388.3

 Isp, M/SEC                 1548.2   3998.3   4164.8   4251.6

 MOLE FRACTIONS

 *H               .02571   HO2              .00004   *H2              .24676

 H2O              .68833   H2O2             .00002   *O               .00209

 *OH              .03483   *O2              .00223

Results: FROZEN COMPOSITION AT POINT 2 (The Throat)                       

 


CHAMBER   THROAT     EXIT     EXIT     EXIT

 Pinf/P            1.0000   1.7405   281.40   709.45  1273.98

 P, BAR            206.84   118.84   .73504   .29155   .16236

 T, K             3604.56  3386.59  1378.93  1140.05  1004.88

 Ae/At                      1.0000   25.000   50.000   77.500

 CSTAR, M/SEC               2323.8   2323.8   2323.8   2323.8

 Ivac, M/SEC                2869.2   4246.0   4373.8   4440.5

 Isp, M/SEC                 1534.1   4039.6   4210.0   4299.2

 MOLE FRACTIONS

 *H               .02056   HO2              .00002   *H2              .24437

 H2O              .70677   H2O2             .00001   *O               .00126

 *OH              .02559   *O2              .00141

So, at these conditions, the following results are obtained depending on frozen vs. shifting equilibrium:

	
	C* (m/s)
	Isp (s)

	Shifting Equilibrium


	
	

	Frozen Equilibrium

(at chamber conditions)
	
	

	Flow becomes frozen at the throat
	
	


