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More on Flight Performance and Mission Analysis
Technical Objectives:

· Determine the required V for launching a satellite into low earth orbit.

· Determine overall vehicle requirements (propellant mass, structural mass, payload mass) for single stage and multistage launch vehicles.

1. Delta V Required for Launching a Satellite into Orbit

For a satellite in circular orbit around earth, the satellite's centrifugal force balances out with the earth's gravitational attraction:

Solving for the satellite circular orbit velocity:

But, as shown above, g varies with altitude according to the following:

Substituting: 

(1)
Since the initial velocity = 0, this relationship tells us the overall v required to put a satellite in orbit around the earth (or any other planet):

(2)
Note: It can be shown that, once a satellite is in orbit, the required escape velocity is related to the circular orbit velocity by the following:

(3)

2. Single Stage Rocket: Main Components and Definitions

Consider the following single stage rocket:

The total rocket mass at liftoff, Mo,  is equal to the sum of the propellant mass, payload mass and structural mass:

The total rocket mass at burnout, Mb, is:

i) Definition: Mass Ratio, R

As defined previously, the vehicle mass ratio is defined as the ratio of the initial vehicle mass to the final vehicle mass:

(4)
ii) Definition:  Payload Ratio, 
The payload ratio is defined as the ratio of the payload to the rest of the vehicle:

(5)
Or, with respect to the mass at burnout:

iii) Structural Mass Coefficient, 
The structural mass coefficient is defined as the ratio of the structural mass to the sum of the structural and propellant masses:

(6)
And, the structural mass coefficient is related to the total vehicle mass ratio as follows:

(7)
The above equation clearly shows that the larger the structural mass coefficient, the worse the performance.  However, the structural mass coefficient is constrained by engineering considerations.  The lowest possible structural mass coefficient is approximately  = 0.06.

3. Multistage Rockets

Why do we use multistage rockets?

1. 
2.

Consider the following Three Stage Rocket:

Definitions:

Mo,i is defined as the overall mass of the rocket when the ith stage is fired.

MS,i is defined as the structural weight of the ith stage.

ML,i is defined as the payload of ith stage, which includes all the mass above it!

Mass Ratio, Ri,  of the ith stage:

(8)
Payload Ratio, i, of the ith stage:

(9)
Note that the payload of the ith stage is equal to the overall initial mass of the (i+1)th stage! 

Structural Mass Coefficient, i, of the ith stage:

(10)
And, the mass ratio of the ith stage is related to the structural mass coefficient for the ith stage by the relationship:

(11)
You can also define a vi for the ith stage:

The total v for a multistage rocket is calculated by summing up the vi:

(12)
For a rocket with each stage having the same performance, ci = c:

(13)
Similar Stages

By definition, for a multi-stage rocket with “similar stages”, each stage has the same mass ratio.  In other words, Ri = R:

(14)
At a first glance, the above equation might suggest that an n-stage rocket is n-times as good as a single stage rocket.  However, the mass ratio for an n-stage rocket is much lower than the mass ratio for a single stage rocket:

It can be shown that similar stages (all stages having the same mass ratio, R) is the optimal solution for n-stages each with the same energetic performance (i.e. effective exhaust velocity).

The solution is basically a geometric series, resulting in a multistage rocket that looks like this: 

Looks familiar…sort of like the Saturn V.

Recalling the definition of payload ratio of the ith stage, and rearranging this yields:

Substituting in a few values to see what this looks like results in the following: 

Defining the Overall Mass Ratio as:

(15)

It can be shown that overall mass ratio, can be calculated from the product of the individual ratios developed above:

Now, for similar stages, resulting in the following:

And, solving for  yields:

Recalling the relationship between R,  and l, and substituting into the v equation yields:

(16)

It can be shown that for infinite stages, the above equation becomes:

(17)

Example 3.1
Known:  A rocket is to be designed with similar stages.   

Find:  The maximum v for 1, 2, 3 and infinite stages.

Given:  = 0.2, c = 3000 m/s and Mo1/ML = 30.

4. Analysis of an Ideal Rocket

So far, we have used the conservation of momentum to determine how a rocket engine generates thrust for a given exhaust velocity.  Then we solved the momentum equation for the rocket vehicle to determine how overall mission parameters such as v are related to propellant mass, structural mass, etc.  Now, we will begin to look more closely at the rocket engine itself, to determine how chemical rocket engines achieve the necessary high exhaust velocity.

Technical Objectives:

· Derive an expression for the exhaust velocity of an ideal rocket engine.

· Define the characteristic velocity (C*) and thrust coefficient (Cf) and explain how they are measured experimentally.

· Show that theoretical C* is a function only of energetic performance and thrust coefficient, Cf, is a function only of the nozzle performance.

· Relate C* and thrust coefficient to Isp, effective exhaust velocity and thrust. 

Recall the equation of thrust that we derived in Week 2:

This equation is not useful until we can figure out exhaust velocity, ue, and exit pressure Pe.  We will use the principles of thermodynamics to calculate these quantities.  (You covered some of this material in Fluid Mechanics II).

Schematic Diagram. Consider the following idealized rocket engine:

Assumptions:

i) Perfect Gas

ii) Expansion in the nozzle is modeled as one-dimensional flow.

iii) Combustion process is simulated by external heat addition of qR, resulting in combustion products at To.

Nomenclature: Stagnation vs. static properties!
What does the ideal process look like on a T-s diagram?

A. Energy Balance on Combustion Chamber:

(18)
B. Energy Balance on Nozzle:

The supersonic converging-diverging nozzle converts internal energy into kinetic energy.  An energy balance of the nozzle yields the following:

(19)
This equation is saying that stagnation enthalpy is constant in the nozzle:

Can solve the above equation for exit velocity, assuming that uc << ue.

(20)
The term 2CpToc is the stagnation enthalpy per unit mass in the combustion chamber (comes from the combustion process for chemical rockets, or heat addition from nuclear rockets).  To maximize performance, you would like the term (1 - Te / Toc) to be as close to 1 as possible.  This can never be, though, because Te cannot go to zero.  Therefore, you can never get complete conversion of thermal energy to kinetic energy in a rocket engine.

Recall the relationships between pressure and temperature for an isentropic process:


(21)





(22)

Substituting:

Also, recall that for an ideal gas, specific heat is related to the universal gas constant from the relationship:

Substituting:

(23)
Equation (23) is an idealized, but powerful equation for the exhaust velocity of a rocket engine.

Notes:

i) The pressure term:

Is only a very weak function of the propellant combination.  It is only related to the propellant combustion because  is a function of the exhaust products.  The pressure term is really more a nozzle design parameter, based on the ratio of the combustion pressure to the ambient pressure:

ii) The enthalpy term suggests the following:

And it is usually written that to maximize exhaust velocity you want minimum molecular weight of the combustion products and maximum combustion temperature.

This is true.  However, in chemical rocket propulsion, you cannot choose the two parameters independently.   So, you cannot use the above relationship to optimize exhaust velocity.  In reality, you want to maximize heat of reaction per unit mass:

In nuclear propulsion, however, your chamber temperature can be whatever the materials of the engine will allow.  In this case, you choose a gas with minimum molecular weight:

5. Characteristic Velocity, C* (pronounced "C-star").

C-star is not a real velocity, but has the units of velocity.  It is defined as follows:

(24)
C-star is a good experimental parameter because it is much easier to measure than thrust and it is directly related to the energetic performance of the engine.
Note: It is possible to derive a thermodynamic expression for C-star, that can be compared with experiments:
The conservation of mass at the nozzle throat yields:

(25)
Where at is the speed of sound at the nozzle throat.

Recalling (we derived these in Fluids 2) the relationships between static and stagnation properties.  These relationships can be used to relate the stagnation properties in the combustion chamber to the static properties anywhere in the nozzle:

(26)
(27)

(28)

But, at the throat, M=1, so the relationships between the chamber properties and the throat properties simplify:

(29)
(30)
(31)

Substituting these relationships into the conservation of mass at the throat (24):

Results in the following equation for mass flow rate:

(32)
Recalling the definition of C-Star, we see that: 

(33)

(24)
Notes on C-Star:

1. Here is the key!  We just found out that the term (Tc/MW)1/2 appears in C-star.  Therefore, C-star is actually an energetic performance parameter of a rocket engine.  

2. In fact, since we derived C-star from conditions at the nozzle throat, C-star is not a function of the nozzle properties at all!  This is true since all supersonic converging-diverging nozzles have a nozzle throat where M=1.

3. C-star is even more fundamental than Isp, since Isp is a function of the nozzle as well.

4. Even though, fundamentally, C-star is a function of the energetic performance and can be calculated theoretically from the above equation (or using the NASA CEC program), we can measure it so easily (mdot, Pc are really easy to measure!!).

Definition:  C-Star Efficiency:

Since we can measure C-star and calculate it theoretically, it makes sense to define a parameter called C-star efficiency:

(34)

C* efficiency is usually greater than 95%

6. Thrust Coefficient, CF
In defining C*, we have lumped all of the energetic performance into one term.  Thrust coefficient takes care of the nozzle performance.  The thrust coefficient is defined as follows:

(35)
Note that the thrust coefficient is also made up of measurable quantities, F, Pc and At. However, thrust is more difficult to measure than Pc or mdot.

The thrust coefficient really tells you how much better your nozzle is than a plain hole:

Just like we did for C*, it is possible to derive a theoretical value for CF.  Recalling the equation for thrust in a rocket engine, and dividing through by Pc and At:

(36)
Substituting equations ue and C* from equations (23) and (33) yields the final relationship for thrust coefficient:

(23)
(33)
(37)
Notes on CF:

1. Thrust coefficient is not a function of chamber temperature.  

2. Thrust coefficient is only a function of the nozzle and ambient pressure, not the combustion process!!

3. The term CFO is a constant for a given nozzle design.  The term CF is a function of the ambient  pressure.

7. Summary on thrust coefficient (CF) and Characteristic Velocity (C*)
C-star:

Thrust Coefficient, CF:

8.  Relationship between Isp, Effective Exhaust Velocity (c), CF and C*
Specific impulse (Isp), effective exhaust velocity (c), and thrust, F are functions of both the nozzle performance and the energetic performance.  They are all related to CF and C* as follows: 

(38)

(39)

(40)

Note:  For a given propellant combination and nozzle design, the only term above that varies with altitude is CF.

