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Technical Objectives:

· Derive an equation for the total thrust generated by any rocket.   

· Derive the rocket equation using the conservation of momentum.

· Determine the velocity at burnout and the maximum height for a vertically launched rocket.

1. Derivation of Thrust for a Rocket Engine 

Consider the following rocket undergoing a static test firing:

Drawing a control surface around the rocket, the conservation of momentum can be formulated as follows:

(1)
Since the engine is not moving, drag force will be zero and if the system is at steady state, we can formulate the conservation of momentum in the x-direction as follows:

External Forces:

Momentum Flux:

Results in the following equation:

(2)
This is a general result for a static firing of a rocket engine.

Note that thrust is generated by the momentum flux term and the pressure difference term, although for maximum thrust, you want to design your rocket nozzle so that the pressure term exhaust pressure = the ambient pressure.  Why is this?

Effective Exhaust Velocity, c.  

The effective exhaust velocity is defined as actual thrust divided by the mass flow rate:  

Therefore, with respect to the effective exhaust velocity, the thrust can be written as follows:

(3)
And, recalling the definition of specific impulse, we see that the effective exhaust velocity is related to the specific impulse as follows:

(4)
2. The Rocket Equation

So far, we have derived an equation for thrust of a rocket.  The equation was derived by considering a static firing of a rocket on a thrust stand.  In this section, we will consider what happens when a rocket is actually in motion.  Specifically, we will use the conservation of momentum to derive "The Rocket Equation".

Consider the following rocket in motion.  The rocket is travelling with a velocity, v.  The exhaust gas is exiting the rocket with an exhaust velocity, ue, generating a thrust F.   There is a drag force D, acting on the rocket.     

Rocket in Motion



Control Volume

Formulating the conservation of momentum in the x-direction for the control volume on the right:

External Forces:

Right Hand Side terms:

Substituting: 

And recognizing the definition of effective exhaust velocity, c, the equation becomes:

Multiplying through by dt, the final equation of motion becomes:

(5)

This equation is called The Rocket Equation.

The Rocket equation can be integrated from time = 0 to any time t, resulting in:

In the absence of drag and gravity, the equation becomes:

Finally, defining Mb as the mass of the rocket at burnout, and Mo as the initial rocket mass, we can define R as the rocket mass ratio:

(6)

Resulting in the famous v equation that relates Isp, mass ratio and total rocket v for a rocket:

(7)

Note:  v is given by the mission requirements, Isp is specified by the propellant combination, so R is the only parameter you can vary…and it is buried in a natural log term.

Example 2.1  

Known: Escape velocity from the earth's surface is approximately 12,000 m/s.  

Find: The percentage of a launch vehicle's initial mass that must be devoted to propellant if escape velocity is to be achieved.  

Given: Neglect gravity, and assuming an Isp of 300 seconds.

3. Velocity at Burnout and Maximum Height for a Vertically Launched Rocket

In the previous example, we neglected gravity. Returning back to the rocket equation, now lets consider the launch of a vehicle perpendicular to earth with zero drag.  This equation will allow us to determine the velocity at burnout and the maximum height achieved.  

Note: There are two regimes: burn regime and coast regime!

Integrating the rocket equation from 0 to any time t:

The instantaneous mass, m(t) is related to the initial mass, the propellant flow rate, and the elapsed time through the following relationship:

Substituting the instantaneous rocket mass into the rocket equation yields:

(8)
The velocity at burnout occurs at t = tb:

(9)

To find the height at burnout, you have to integrate the velocity equation once more with respect to time:

(10)

To find the maximum height, we have to now consider the coast regime:

Adding hb and hcoast results in the maximum height:

(11)

Example 2.2  

Known: Escape velocity from the earth's surface is approximately 12,000 m/s.  

Find: The percentage of a launch vehicle's initial mass that must be devoted to propellant if escape velocity is to be achieved.  

Given: Include gravity, assume an Isp of 300 seconds and consider the fact that a human passenger must not be exposed to more than 6 g's of acceleration.

8. The Effect of Drag

The final equation for maximum height in a vacuum suggests that, for a given Isp and vehicle mass ratio, short burn times are better.  This is because you get rid of all of the propellant quickly and you don't have to lift as much mass.

However, drag force, D, is a strong function of altitude (because of the density of the air) so when you include drag, you may have to design for low velocity at low altitudes.  Recall from Fluid Mechanics:

(12)

Where is the atmospheric density, v is the vehicle velocity, A is the x-sectional area, and CD is the drag coefficient, which is a function of velocity or Mach #.

Variation in Drag Coefficient

A typical plot of drag coefficient vs. Mach #  is shown below:

 Note:  drag coefficient varies with angle of attack and Mach number.

Variation in Atmospheric Density:

To estimate the variation in atmospheric density with height, you can use the following relationship, which is not very accurate, but a good estimate:

(13)

Where h is in meters and  is in kg/m3.

Variation in Acceleration Due to Gravity

The acceleration due to gravity also changes with altitude, but not much.  The following equation can be used to calculate the variation in g:

(14)
Numerical Integration of the Rocket Equation  

It is possible to include the effects of drag and changes in g into the rocket equation and integrate it numerically:

Example 2.3.   Numerical Integration of Vertical Launch with Drag[image: image1.jpg]Aq/V2

Overall length 45
Max body diameter 5 4'
Fin Span 11' &

|

Beingvery e for &
roket o e e
ihe A2 e Socking
omostpersons vewing ¢
forthe frstime. s
Soifed e ows i
e mlr sompanent.

Hydrogen-peroxide
container

Maln oxygen valve

Combustion
chamber

il

\§
e

Warhead

Automatic control gyros

Guiding-beam and
radio control gear

Alcohol /water
‘mixture tank

Liquid oxygen tank

Turbo fuel-pump.

Main alcohol
valve





The German V2 Rocket.  Use the rocket equation to determine the burnout velocity and the maximum achievable height of the German V2 rocket, assuming that it was launched vertically.  Take into account drag coefficient (See Below), variation in atmospheric density with altitude and solve the rocket equation numerically using a forward difference scheme.  Solve for maximum altitude.
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Given:  Isp = 250 seconds, Mo = 12700 kg, Mp = 8610 kg, tb = 60 s

Numerical solution scheme:

