KEY 192A Learning Lab #3
Engineering Modeling



The Bottle Rocket
Page 1

Primary Topic:  Engineering modeling and calculations
Supporting Topics:  Algebra, trigonometry, logarithmic functions (MATH 117,118,124, 125, 126, 160); Work, Energy, Kinematics (PHYS 141, CHEM 111)
Technical Objectives:

· Explain the physical phenomena that induce motion of the water bottle rocket and those physical phenomena that resist motion.  
· Explain what engineering design features could be used to maximize distance of the water bottle rocket.   

· Develop a simplified model to estimate how far a water bottle rocket would travel in a vacuum.
· Perform engineering calculations based on the simplified model to estimate how far the water bottle rocket would travel.  
1.  The Water Bottle Rocket Design Competition
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In August, during the ENPower Bridge Program, many of you completed a quick design competition to modify a soda bottle into a rocket powered by high pressure air and water.  Each design team was given the following materials:

· 1 two liter bottle (empty)

· Duct Tape

· Foam Core

· Utility Knife

· Modeling Clay

· Water (unspecified amount)
Each team was given 30 minutes to convert their bottle into a rocket using the materials provided.  A launch system was provided that pressurized the bottle to 50 psig and launch the bottle at a 45 degree angle.   The team decided how much water to fill the rocket.
1.1 What Makes a Rocket Go?

What are the physical phenomena that produce motion of the rocket?  What physical phenomena will provide resistance to motion?   

(1)
During the competition, you basically used your intuition (and prior general knowledge of what a rocket is supposed to look like) to develop a plan to modify your rocket.  However, it is quite possible, with a knowledge of thermodynamics, fluid mechanics, the conservation of momentum…and a lot of math, to 1) estimate how far the rocket should travel and 2) optimize each component of the rocket to maximize the distance.   What components need to be optimized?

2. Calculation of the Rocket Trajectory

Many of you had Physics in high school and, if so, you probably learned something about Newton’s Second Law of Motion and performed some particle trajectory calculations.   Using those principles, although with a bit more complication, it is possible to calculate the rocket trajectory.   For simplification, we will assume that the rocket is traveling in a vacuum.   This is, of course, a terrible assumption, but this will allow us to calculate the maximum distance that a water bottle rocket can travel.   

Conceptually, how would we do such a calculation?   What are the variables that we need to account for?  What are the parameters that we need to calculate? 

Let’s make a sketch of the rocket trajectory and try to determine what we need to figure out in order to calculate the distance it will travel:



2.1 The Rocket Equation 

So, the key to the calculation is to determine the “burnout velocity” of the rocket, vf, which is the velocity of the rocket after all of the water and air is ejected.   Once you calculate vf, the rest of the problem can be solved using what you may have learned in high school Physics.
Using the Conservation of Momentum (which is a more formalized version of Newton’s Second Law of Motion, F= m a) it is possible to derive the famous “rocket equation”, which can be used to determine the burnout velocity, vf, of a rocket launched at an angle, , with the horizontal:
(2) 
where g is the acceleration due to gravity (9.81 m/s2, on Earth), tb is the “burn time” in seconds, ve is the exhaust velocity of the matter ejected from the rocket, Mo is the initial mass of the rocket and Mf is the final mass of the rocket.    The ratio of the initial mass to the final mass of a rocket is called the mass ratio, R:
(3)

This simple equation tells us that to accelerate a rocket to a very high velocity (like escape velocity from Earth, for example), requires a very high mass ratio.   What percentage of the Saturn V rocket was rocket propellants?

So, equation 2 tells us that we need to calculate exhaust velocity and burn time.   How do we do that? 
2.2 Calculation of Exhaust Velocity of the Water

Now things are getting complicated.   To calculate the velocity of the water being ejected from the water bottle, we need to know something about Fluid Mechanics, which you won’t learn until Junior Year.   But, lets draw a sketch of the rocket and see if we can figure out what we need to know to calculate the velocity of the water ejected from the rocket:

Without going into the details, it is possible to use the Conservation of Mass and something called Bernoulli’s Equation, along with some assumptions to calculate the exhaust velocity of the rocket, ve, (m/s) as follows:

(4)

where P1 is the air pressure inside the rocket (N/m2), P2 is the atmospheric pressure outside the rocket (N/m2),  is the density of the water (1000 kg/m3), d1 is the inner diameter of the bottle (m) and d2 is the inner diameter of the hole (m) where the water gets ejected.   Pretty simple, isn’t it?

Once we calculate the exhaust velocity, we can also calculate the mass flow rate of the water, 
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where  is the density of the water (1000 kg/m3), ve is the exhaust velocity (m/s) and A is the area of the hole in the bottle (m2).

And, now that we know the exhaust mass flow rate and exhaust velocity, we can estimate the thrust of the rocket, F, (N):
(6)

2.3. Calculation of Rocket “Burn Time”
How would we calculate the rocket burn time, which is the total time that it takes for the water to get ejected?  Well, if we know the initial amount of mass of water (you will need to calculate this) and we now know how to calculate the mass flow rate (equation 5), then we can determine the total time it takes for the water to be depleted:

(7)

So, at this point, we have enough information to calculate the burnout velocity, vf, using equation (2), which is a major accomplishment!

Group Exercise 1.  Calculate “Exhaust Velocity”, Mass Flow Rate, Thrust and Burnout Velocity
Known: Your rocket was filled with an air pressure of 450,000 N/m2 and launched at a 45 degree angle.
Find: (a) the exhaust velocity (m/s) using equation (4), (b) the exhaust mass flow rate (kg/s) using equation (5), (c) the thrust (N) using equation (6), (d) the burn time (s) using equation (7) and (e) the final burnout velocity of the rocket (m/s) using equation (2).

Given: The density of water is 1000 kg/m3; the initial volume of water in your bottle was (your estimate); the diameter of the hole is (you need to measure it); the diameter of the bottle is (you need to measure it).
Have fun…I don’t expect you to get the correct answer…but give it the old college try!
2.4 Calculation of Rocket Height at Burnout

Returning to the sketch of the rocket trajectory, how do we proceed to calculate total distance traveled, given the burnout velocity?



The first thing that we need to do is calculate the height of the rocket at burnout.   This is, once again, not trivial.  You actually have to integrate equation (2) with respect to time.  This will require the use of Calculus!   But, for now, I will give you the solution.  The height of the rocket at burnout, hb, (m) can be shown to be calculated as follows:

(8)

where g is the acceleration due to gravity (9.81 m/s2, on Earth), tb is the “burn time” in seconds, ve is the exhaust velocity of the matter ejected from the rocket, Mo is the initial mass of the rocket and Mf is the final mass of the rocket.    The ratio of the initial mass to the final mass of a rocket is called the mass ratio, R
If you do this calculation, you will find that the water is completely ejected only a few meters above the ground, which explains why I get soaked.  

2.5 Calculation of Final Rocket Height, Total Coast Time and Total Distance Traveled 
Now that we know the velocity of the rocket at burnout, vf, and the height of the rocket at burnout, hb, this really does become a Physics problem and those of you who had Physics in high school might be able to take it from here:

Using one of your equations from kinematics in Physics, we can calculate the height during the rocket “coast” period as follows:
(9)

where va is the y-component of the rocket velocity at the apex of the trajectory, which is equal to zero and vf,y is the y-component of the rocket burnout velocity, which is equal to vfsinand g is the acceleration due to gravity (9.81 m/s2). The final height during the coast phase can therefore be calculated as:

(10)

We can then use another kinematics equation from Physics to calculate the time it takes to get the maximum at apex, using the equation:

(11)

where va is the y-component of the rocket velocity at the apex of the trajectory, which is equal to zero and vf,y is the y-component of the rocket burnout velocity, which is equal to vfsinand g is the acceleration due to gravity (9.81 m/s2).
As they say, what comes up must come down, and the time it takes for the rocket to come down is the same as the time it takes to come up!   So, we can multiple the value from equation (11) by 2 to calculate the total coast time.   So, how do we use that information to calculate the total distance traveled x? 

In a vacuum, the x-component of the velocity is constant during the entire trajectory.  So, you can calculate x very simply from the equation:

(12)

where vf,x is the equal to the x-component of the burnout velocity, vfcos.   

Group Exercise 2.  Calculate of height at apex, total coast time, and total distance traveled.

Known: Your rocket was filled with an air pressure of 450,000 N/m2 and launched at a 45 degree angle.

Find: (a) the height at apex (m), (b) the total time during the coast period (s) and (c) the total distance traveled, x.  

Given: Using the answers from Group Exercise 1.
Have fun…I don’t expect you to get the correct answer…but give it the old college try!
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